Homework (1)

1) Find all prime and maximal ideals in Zgand Z, X Z,.
Zs=10,1, 2, 3,4, 5}is a commutative ring with unity.

GO mod 6

<0>={0} s neither prime nor maximal ideal (Zg is not integral domain)
<1>=<5>=7, (generators). Again neither prime nor maximal.
<2>=<4>={0,2,4} = Primeideal.

<3>={0, 3} = Prime ideal.

To find out the maximal:
/Z6 \

—_— <2> <3> — | Maximal
<0>

Remember: In a commutative ring with 1, every maximal ideal is prime. (The

converse is not true. For example: <0> is prime in integral domains, but clearly not
maximal).

Z, x Z, = {(0,0), (0,1), (0,2), (0,3), (1,0), (1,1), (1,2), (1,3)} is
commutative ring with unity. (Not integral domain: (0, 2) (0, 2) = (0, 0))
< (0,0) > is neither prime nor maximal ideal
<(1,1)>=<(,3) >= Z, XZ, again neither prime nor maximal ideal
< (0,1) >= {(0,0), (0,1), (0,2), (0,3)} =< (0,3) > (Maximal)
< (1,2) >= {(0,0), (0,2), (1,0), (1,2)} (Maximal)
<(0,2) >= {(0,0), (0,2)} (Notmaximalsince<(0,2)>c<(0, 1)>)
< (1,0) >= {(0,0), (1,00} (Not maximalsince<(1,0)> c<(1,2)>)
Or:
By Theorem: Let R be a commutative ring with 1 € R; and M be an ideal of R. Then
M Is maximal (prime) ideal < R/M s a field (integral domain)
So we must find all M for which Z, X Z,/M is an integral domain. But if M is
proper and nontrivial, then Z, X Z,/M as an Abelian group, is isomorphic to one of

1




the following: Z,, Z,, Z, X Z,.The only integral domainis Z,. So |[M| should be “4“
which makes M isomorphic to either Z, X Z, or Z,.This M will be both prime and
maximal ideal. So, M =< (0,1) > or M =< (1,2) >.

2) Findall c € Z5 suchthat Z3/ < x* + 1 > is a field.

Using the following theorems:
(i) Let F be a field and let I be an ideal of the polynomial ring F[x]. Then
1.1 is maximal if and only if | = < p(x) > for some irreducible polynomial
p(x) in F[x].
2.1 is primeif and only if I = {0} or I = < p(x) >for an irreducible p(x) € F[x].

(ii) Let R be a commutative ring with 1 € R; and M be an ideal of R. Then
M is maximalideal < R/M s a field

. Z3[X] /<x* + c>is a field © <x* + ¢> is maximal ideal.
<x” + c> is maximal ideal  iff x+c is irreducible.
The possibilities are:
p(x) = x° then, p(0)=0 = p(x)is reducible = <x*> is not maximal.

p(x)=x*+1 then, p(0)=1, p(1)=2,andp(2)=2 = p(x)isirreducible
= <x*+1>isa maximal ideal = Z3[X] /<x* + 1> is a field

p(x)=x>+1 then, p(1)=0 = p(x)is reducible = <x*+2> is not maximal.
Therefore, c = 1.

3) Show that N is a maximal idealinaring R < R/N is a simple ring.
Let R be a commutative ring with 1€ R.
If N isamaximalidealin R ,then bytheorem, R/N is a field.
= R/N is also a commutative ring with unity (1+N)
So by theorem 1.3.16, R/N is a field < R/N is simple.
Therefore, N is a maximalidealin R <& R/N is a simple ring.

4) Let A and B be ideals of a commutative ring . the quotient A : B of
A by BisdefinedbyA:B={re R:rb€ A Vb € B}.Show that

A : B is anideal of R.
let n, n EA:B = rbeA VbEB
= nrnbe€A VDERB
rn—1, EA:B?
(We havetoshow (r; — )b €A VbERB)
Let b € B , consider,




(m—m)b=nrb—nrb €A (sinceryb € A and b € A and A is an ideal)
Since b is arbitrary
~(rp-rn)beAd VbeEB = r —r, €EA:B

ii. Let s € R. sry =115 € A:B?
Consider,
(rys)b = (sry)b =s(r;b) €A (since A isanidealand b € A)
s(sr)b=(s)hbeA VbeEB = sr,rs €A:B

5) Find all zero divisors; and nonzero idempotent, units and nilpotent
elementsin Z; @ Z,,.

Z3 ® Zs = {(0,0),(0,1),(0,2),(0,3),(0,4),(0,5),(1,0), (1,1), (1,2), (1,3), (1,4),
(1,5),(2,0),(2,1),(2,2),(2,3),(2,4), (2,5)}

(i) Zero Divisors:
(we have to find: (ry,s1)#(0,0) and (ry, s;)#(0,0) s.t. (rq, s1) (rp, s2) = (0, 0))
Since: (0, 2) (0, 3)=(0, 0)
(0,3)(0,4)=(0,0)
=~ The zero divisors are: (0, 2), (0, 3) and (0, 4)

(i)  ldempotent Elements: (az0 s.t. a’=a?)
Since: (0,1)(0,1)=(0, 1)
(0,3)(0,3)=(0, 3)
(0, 4) (0, 4) =(0, 4)
(1,0) (1,0)=(1,0)
(1,1)(1,1)=(1,1)
(1,3)(1,3)=(1, 3)
(1,4) (1, 4)=(1, 4)

~. The idempotent elements are: (0,1), (0,3), (0,4), (1,0), (1,1), (1,3) and (1,4).

(iii)  Nilpotent Elements: (a"=0 for some n>1?)
Since Zs is an integral domain then it has no nilpotent element.
Then, (r,s)" =(0,s") = (0, 0) . We have to find the nilpotent elements in Z,.
Since the nilpotent elements should be different from the idempotent ones, so
we can eliminate 1, 3 and 4 away. (Since 3" =3and4"=4VYn>1)
To find the nilpotent elements we should solve the equation x? = 0 (by
Theorem: R has no nonzero nilpotent elements if and only if 0 is the unique
solution of the equation x> = 0)
If x=2 = x>=22=4 %0
If x=5= x>=5%2=1 #0 (unit)
« 0 is the unique solution of x> = 0
~ Zg has no nilpotent elements, so that Z; @ Z,
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(iv)  Units: ((ry, s1) (r2, s2) =(r1ry, 818) =(1, 1)? )
So the units are: (1,1), (1,5), (2,1),and (2,5).

6) Suppose that a and b belong to a commutative ring, and ab is a zero
divisor. Show that either a or b is a zero divisor.

Let a,b € R where R is a commutative ringand ab is a zero divisor such that b is
not a zero divisor. (We have to show that a is a zero divisor).

= 30 #x €R st. x(ab) =0

= (xa)b =0 (Sothat (xa) =0)

= xa =0 (Since b is nota zero divisor)

~30#x €ER st xa=0=ax = aisazero divisor.

Similarly if a is not a zero divisor, then b will be.

7) Prove that I = < 2 4 2i > is not a prime ideal of Z[i]. What is the
characteristic of Z[i]/I ?

Z[i] ={a + bi: a,b € Z} isa commutative ring with 1.
Then I =< 2+ 2i >isprimeif I # Z[i] andif
abel = a€lorbel Va,b e Z[i]

I1={z(2 + 2i):z € Z[i]} ={(a + bi)(2 + 2i):a,b € 7}
={2(a—b) +2(a+ b)i:a,b €Z}

But we have:
(1+3 0 )(3+3i)=(3-9)+(3+9) i=-6+12i €I where (1+31i),(3+31i)€& I
~ Ixy €l s.t. x&Il and y € | = I is not prime.

ZIil/ ={(a+bi)+1:a,beZ}={I, 1+1, 2+1I, 3+, (A+i)+1, i+ ..}
The characteristic of Z[i]/I is “4”.
e How to deal with the Gaussian Integers? Page 5

8) Show that Z3[X]/ < x? + x + 1 > is not a field.

Since (x+2) € Z3[X] = (x+2)+1 € Z3[X]/I where [=<x’+x+1>
But,

((x+2) +I) ((x+2) +I) = (XP+x+1) + [ = < x’+x+1 > =]

~ (x+2) + 1 isazerodivisor = Z3[X]/ I is not a field.




9) Prove that M is a maximal ideal in a commutative ring R with unity iff
VxEM3IreR suchthat 14+ rx € M.

“_y

Let M be a maximalideal in a commutative ring R with unity.

Let x € M.

Construct I ={m+xr: meM, x¢& M}.Then I isanidealof R.

(Let z,yel, " ER = y=my+xry and z= m,+xn,

i y—z=my+xr;— (my+xr,) =M —my) +x(ry —1y) €1
Since m; —m, € M (M is anideal)
yr=7ry=r(my+xrp)=rm +rxrp)=rm + x(ry) €I
Since 7m; €E M(M isanideal)l and 771, €R))

Therefore, [ is anideal of R suchthatM c | € R.
i. meM =>m=m+x.0 €]
ii. x €M andx = 0+x.1 €] (Sothat M #1)

But M ismaximal > [=R = 1€l =>1=m+xr > m=1—-—r1rx
= m=14+rx eM
~Vxe&M3Ir €R suchthat 1+ rx € M.

Assumethat Vx &M 3JIr€R suchthat 14+ rx € M.

(We have to prove that M is a maximal ideal)

Let I be anidealof R suchthat M c I € R. (We have to prove I = R).
The proper inclusion implies that 3 x € I where x € M.

Bygiven; 3r €R suchthat 1+ rx eMcl] > m=1+rx €1.

= 1l=m-—rx €l = [=R = M isamaximalideal of R.

Since x € [ and [ is anideal
=rx€el alsomel =
m —rx € I (ideal)




Finding Factor Rings over the
Gaussian Integers

He [Gauss] lives everywhere in mathematics. (E.T. Bell, ”"Men of Mathematics”).

Some Important theorems that may help:

Z[i] isaPID. (i.e. every ideal is principal)
The characteristic of Z[i |/< a + bi > divides a® + b?.
Z[il/<a+bi >=Z[i]/ < —a—bi >= Z[i|/ < b —ai >= Z[i]/ < —b + ai >
If “a“ is a positive integer larger than 1, then
Zlil/ < a >=Z,4][i]

If a and b are relatively prime integers, then Z[i |/< a + bi >=Z 2,2
The primes in Z[i ] are:
i a+bi and b+ ai where p=a®+ b?isprimein Z andp = 1 (mod 4)
ii. p where p is primein Z and p = 3 (mod 4)
iii. 1+1i
If a and b are relatively prime integers, then
a + bi isaprimein Z[i] & a?+ b? isprimein Z.

So we can conclude that : Z[i ]/ I is an integral domain & [ is a prime ideal &
i. I =< a >where a isprimein Z and a = 3 (mod 4).
[ =< a + bi > where a and b are relatively prime integers and a? + b? is
primein 7Z .

Back to problem “7”, we notice the following:

(24 2i) = (2(1 +i)) isnotprimein Z[i] = I =<2+ 2i> isnota prime ideal
in Z[i]. (a =2 = b notrelatively prime and a? + b? =8 (not prime in Z) ).

Also we can prove that I is not prime by finding x and y such xy €I but
x&I1 and y &1

[ =<2+2i>={2(a—b)+ 2(a+ b)i: a,b €7}

2(1+i)=2+2i €I But, 2 ¢ 1

(Since, we wanttofind a,b €Z st 2(a—b)=2 (1) and
2(a+b)=0 (2)
=a—-b=1 = a=1+b (From(1))

—a+b=0 = 1+2b=0 =b=—>¢Z =2¢l)
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Also,1+i &1.

(Since, we wanttofind a,b €Z st 2(a—-b)=1 (1) and
2a+b)=1 (2)

=>a—b=% = a=%+b (From(1)) = clearly a€¢Z = 1+i¢&1)

= Z[il/I={(c+di)+1: ¢ deZ}

={2(a—Db)+c+ (2(a+ b) + d)i: a,b,c,d €7}
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